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A GENERALIZATION OF EFFECTIVE SCHMIDT’S SUBSPACE
THEOREM FOR PROJECTIVE VARIETIES OVER FUNCTION
FIELDS
GIANG LE
Abstract. We establish an effective version of Schmidt’s subspace theorem on a smooth
projective variety X over function fields of characteristic zero for hypersurfaces located
in m−subgeneral position with respect to X . Our result generalizes and improves the
results of An-Wang [1], Ru-Wang [5] and the author [2].
1. Introduction
In [1], An and Wang obtained an effective Schmidt’s subspace theorem for non-linear
forms over function fields. In [5], Ru and Wang extended such effective results to divisors
of a projective variety X ⊂ PM coming from hypersurfaces in PM in general position with
respect to X . In [2], we extended Ru-Wang’s result to the case of hypersurfaces located in
subgeneral position. However, due to the weakness of estimate on lower bound of Chow
weight in [2, Proposition 2.1], our result [2] does not imply the results of An-Wang [1]
and Ru-Wang [5]. In [3, Theorem 1.4], S.D.Quang gave a better estimate on lower bound
of Chow weight. It helps us to improve our result in [2]. This new result improves and
generalize all the existing results in such the direction.
Here, let X be a n-dimensional projective subvariety of PM defined over K and m, q
be positive integers with m ≥ n and q ≥ m + 1. Recall that homogeneous polynomials
Q1, . . . , Qq ∈ K[X0, . . . , XM ] are said to be in m-subgeneral position with respect to X if
∩m+1j=1 ({Qij = 0}) ∩ X (K¯) = ∅ for any distinct i1, . . . , im+1 ∈ {1, . . . , q}, where K¯ is the
algebraic closure of K. When m = n, they are said to be in general position with respect
to X .
To state our results, we will recall some definitions and basic facts from algebraic ge-
ometry.
Let k be an algebraically closed field of characteristic 0 and let V be a projective variety
(always assumed irreducible), non-singular in codimension 1 and defined over k. For the
rest of paper, we shall fix an embedding of V such that V ⊂ PM0 for some positive integer
M0.
Denote by K = k(V ) the function field of V . Let MK be the set of discrete absolute
values of the function field K obtained from the prime divisors of V . Let p be a prime
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divisor of V over k. Such a prime divisor determines its local ring in the function field
k(V ) and this local ring is a discrete valuation ring. Thus, we have the notion of order at
p of a function x ∈ K, x 6= 0, noted ordpx. We can associate to x its divisors ==
(x) =
∑
p∈MK
ordp(x)p.
By the degree of p, noted deg p, we shall mean the projective degree, i.e. the number
of points of intersection with a generic linear variety of complementary dimension in the
given projective embedding. Then we have the sum formula
deg(x) =
∑
p∈MK
ordp(x) deg p = 0
for all x ∈ K∗.
Let x = [x0 : x1 : · · · : xM ] ∈ P
M(K) and define
ep(x) := min
0≤i≤M
{ordp(xi)}.
We define the (logarithmic) height of x by:
h(x) = −
∑
p∈MK
ep(x) deg p.
By the sum formula, the height function is well-defined on PM(K).
Let Q =
∑
I aIx
I be a homogeneous polynomial of degree d in K[X0, . . . , XM ], where
xI = xi00 . . . x
iM
M and the sum is taken over all index sets I = {i0, . . . , iM} such that ij ≥ 0
and
M∑
j=0
ij = d. For each p ∈MK , we set
ep(Q) := minI{ordp(aI)}.
The height of a homogeneous polynomial Q of degree d in K[X0, . . . , XM ] is defined by
the height of coefficients:
h(Q) =
∑
p∈MK
−ep(Q) deg p.
From the sum formula, we have h(αQ) = h(Q) for all α ∈ K∗. Since we may assume that
one of the non-zero coefficient of Q is 1, it follows that h(Q) ≥ 0.
The Weil function λp,Q is defined by
λp,Q(x) := (ordp(Q(x))− dep(x)− ep(Q)) deg p ≥ 0
for x ∈ PM(K)\{Q = 0}.
Let Q1, Q2, . . . , Qq be homogeneous polynomials of degree d in K[X0, . . . , XM ]. We
define
ep(Q1, . . . , Qq) = min{ep(Q1), . . . , ep(Qq)}
and
h(Q1, . . . , Qq) = −
∑
p∈MK
ep(Q1, . . . , Qq) deg p.
3Let X be a n-dimensional projective subvariety of PM defined over K. The height of X
is defined by
h(X ) := h(FX ),
where FX is the Chow form of X .
In this paper, we will prove the following effective version of the generalized Schmidt’s
subspace theorem over K.
Main Theorem. Let K be the function field of a nonsingular projective variety V defined
over an algebraically closed field of characteristic 0 and let S be a finite set of prime
divisors of V. Let X be a smooth n-dimensional projective subvariety of PN defined over
K with projective degree △X . Let m, q be integers with m ≥ n and q ≥ m + 1. For all
i = 1, . . . , q, let Qi be homogeneous polynomials of degree di in K[X0, . . . , XN ] in m-
subgeneral position with respect to X . Then for any given ǫ > 0, there exists an effectively
computable finite union Wǫ of proper algebraic subsets of P
N(K) not containing X and
effectively computable constants Cǫ, C
′
ǫ such that for any x ∈ X (K)\Wǫ either
h(x) ≤ Cǫ
or
q∑
i=1
∑
p∈S
d−1i λp,Qi(x) ≤ ((m− n+ 1)(n+ 1) + ǫ)h(x) + C
′
ǫ.
The algebraic subsets in Wǫ and the constants Cǫ, C
′
ǫ depend on ǫ and N, q,m,K, S,X
and the Qi. Furthermore, the degrees of the algebraic subsets in Wǫ can be bounded above
by
2(2n+ 1)dn+1 △X
((
d+N
N
)
+ q + 1
)
ǫ−1 + d,
where d = lcm(d1, . . . , dq).
Remark 1.1. The constants Cǫ, C
′
ǫ will be given in (3.18) and (3.19). They may depend
on ǫ, the degree of the canonical divisor class of V , the projective degree of V , the degree
of S (i.e
∑
p∈S deg p), the projective degree of X , the dimension of X , the height of X and
the Qi, q and m,N .
2. Chow forms, Chow weight of a projective variety
Let Y be a n-dimensional projective subvariety of PM defined over K of degree △Y . To
Y , we can associate, up to a constant scalar, a unique polynomial
FY(u0, . . . ,un) = FY(u00, . . . , u0M ; . . . ; un0, . . . , unM)
in (n + 1) blocks of variables ui = (ui0, . . . , uiM), i = 0, . . . , n, which is called the Chow
form of Y , with the following properties:
FY is irreducible,
FY is homogeneous in each block ui, i = 0, . . . , n,
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FY(u0, . . . ,un) = 0 if and only if Y ∩ Hu0 ∩ . . . ∩ Hun contains a K¯ -rational point,
where Hui , i = 0, . . . , n are hyperplanes given by ui · x = ui0x0 + · · ·+ uiMxM = 0. It is
well-known that the degree of FY in each block ui is △Y .
Let c = (c0, . . . , cM) be a tuple of reals. Let t be an auxiliary variable. We consider the
decomposition
FY(t
c0u00, . . . , t
cMu0M , . . . , t
c0un0, . . . , t
cMunM)
= te0G0(u0, . . . ,un) + · · ·+ t
erGr(u0, . . . ,un),
with G0, . . . , Gr ∈ K[u00, . . . , u0M ; . . . ; un0, . . . , unM ] and e0 > . . . > er. Now, we define
the Chow weight of Y with respect to c by
eY(c) := e0.
We recall the following estimate on Chow weight of a projective variety Y , due to S.D.
Quang [3, Theorem 1.4].
Proposition 2.1. Let Y be a n-dimensional projective algebraic subvariety of PM defined
over K of degree △Y . Let c = (c0, . . . , cM) ∈ R
M+1
+ . Let m be a positive integer such that
m ≥ n. Assume that Y ∩Hi0 . . . ∩Him = ∅. Then,
eY(c) ≥
△Y
m− n + 1
· (ci0 + · · ·+ cim).
We now recall an estimate on heights of Chow forms, due to Ru-Wang [5, Lemma 8].
Lemma 2.2. Let X be a projective variety of PM defined over K with dimension n ≥ 1
and degree △X . Let ψ : X −→ P
R be a finite morphism given by ψ(x) = [g0(x) : · · · :
gR(x)], where g0, . . . , gR are homogeneous polynomials of degree d in K[X0, . . . , XM ]. Let
Y = ψ(X ). Then,
h(FY) ≤ d
n+1h(FX ) + (n+ 1)d
n△Xh(g0, . . . , gR).
3. Proof of Main Theorem
To prove the Main theorem, we need the following lemma.
Lemma 3.1. Let X be a smooth n-dimensional projective subvariety of PM defined over
K of degree △X . Let m, q be integers with m ≥ n and q ≥ m + 1. Let Q1, . . . , Qq be
homogeneous polynomials in K[X0, . . . , XM ] of degree d, in m-subgeneral position with
respect to X . For given p ∈MK , and x ∈ X\ ∪
q
i=1 {Qi = 0}, we assume that
ordp(Q1(x)) ≥ · · · ≥ ordp(Qq(x)). (3.1)
Then
ordp(Qi(x)) deg p− d · ep(x) deg p
≤ (6max{(m+ 1)△X , d})
(n+1)(M2+M) (h(FX ) + h(Q1, . . . , Qq))
for p ∈MK and m+ 1 ≤ i ≤ q.
5We refer the reader to [2, Lemma 4.2] for the proof of the above lemma.
We now recall the following theorem, due to Ru-Wang [5, Theorem 23].
Theorem 3.2 (Ru-Wang [5]). Let K be the function field of a nonsingular projective
variety V defined over an algebraically closed field of characteristic 0. Let S be a finite
set of prime divisors of V. Let Y be an n-dimensional smooth projective subvariety of PM
defined over K. For every p ∈ MK and y = [y0 : · · · : yM ], we let cp,i(y) = (ordp(yi) −
ep(y))·deg p (0 ≤ i ≤M) and cp(y) = (cp,0(y), . . . , cp,M(y)). Then for a given ǫ > 0, there
exists an effectively computable finite union Zǫ of proper algebraic subsets of P
M(K) not
containing Y and effectively computable constants aǫ, a
′
ǫ such that for any y ∈ Y(K)\Zǫ
either
h(y) ≤ aǫ(h(FY) + 1)
or ∑
p∈S
eY(cp(y)) ≤ (n+ 1 + ǫ)△Y ·h(y) + a
′
ǫ(h(FY) + 1).
The algebraic subsets in Zǫ and the constants aǫ, a
′
ǫ depend on ǫ and M,K, S and Y.
Furthermore, the degrees of the algebraic subsets in Zǫ can be bounded above by 1+2(2n+
1)△Y (M + 1)ǫ
−1.
We first use Theorem 3.2 and Proposition 2.1 to prove Theorem 3.3. Then, we will
show that the main theorem is an implication of Theorem 3.3.
Theorem 3.3. Let K be the function field of a nonsingular projective variety V defined
over an algebraically closed field of characteristic 0. Let S be a finite set of prime divisors
of V. Let m,n be positive integers such t==hat m ≥ n. Let Y be an n-dimensional smooth
projective subvariety of PM defined over K. Denote by I0 the subset of {0, . . . ,M} such
that for all distinct i0, . . . , im ∈ I, we have Y ∩Hi0 · · · ∩Him = ∅ . Let ǫ > 0. Then there
exists an effectively computable finite union Rǫ of proper algebraic subsets of P
M(K) not
containing Y and effectively computable constants bǫ, b
′
ǫ such that for any y ∈ Y\Rǫ either
h(y) ≤ bǫ(h(FY) + 1)
or ∑
p∈S
max
I
∑
i∈I
λp,Yi(y) ≤ ((m− n + 1)(n+ 1) + ǫ)△Y ·h(y) + b
′
ǫ(h(FY) + 1).
Here the maximum is taken over all subsets I of I0 with cardinality m+ 1.
The algebraic subsets in Rǫ and the constants bǫ, b
′
ǫ depend on ǫ and M,K, S and Y.
Furthermore, the degrees of the algebraic subsets in Rǫ can be bounded above by 1+2(2n+
1)△Y (M + 1)ǫ
−1.
Proof. For every p ∈MK and y = [y0 : · · · : yM ], we let
cp,i(y) = (ordp(yi)− ep(y)) · deg p (0 ≤ i ≤M)
and cp(y) = (cp,0(y), . . . , cp,M(y)).
6 GIANG LE
Theorem 3.2 implies that for a given ǫ > 0, there exists an effectively computable
finite union Zǫ of proper algebraic subsets of P
M(K) not containing Y and effectively
computable constants aǫ/m−n+1, a
′
ǫ/m−n+1 such that for any y ∈ Y(K)\Zǫ either
h(y) ≤ aǫ/m−n+1(h(FY) + 1)
or ∑
p∈S
eY(cp(y)) ≤
(
n + 1 +
ǫ
m− n+ 1
)
△Y ·h(y) + a
′
ǫ/m−n+1(h(FY) + 1). (3.2)
Let I be an arbitrary subset of I0 with cardinality m + 1. It follows from Proposition
2.1 that ∑
i∈I
cp,i(y) ≤
m− n+ 1
△Y
eY(cp(y)). (3.3)
On the other hand, by the definition, λp,Yi(y) = cp,i(y). Hence,∑
i∈I
λp,Yi(y) ≤
m− n+ 1
△Y
eY(cp(y)). (3.4)
Therefore, ∑
p∈S
max
I
∑
i∈I
λp,Yi(y) ≤
m− n+ 1
△Y
∑
p∈S
eY(cp(y)). (3.5)
Set Rǫ = Zǫ. By combining (3.2) and (3.5), we have∑
p∈S
max
I
∑
i∈I
λp,Yi(y) ≤ ((m− n + 1)(n+ 1) + ǫ) · h(y) + a
′
ǫ/m−n+1
m− n+ 1
△Y
(h(FY) + 1).
for all y ∈ Y\Rǫ.
The constants bǫ and b
′
ǫ in the assertion can be given by
bǫ = aǫ/m−n+1; b
′
ǫ = (m− n + 1) · a
′
ǫ/m−n+1, (3.6)
where aǫ and a
′
ǫ are constants from Theorem 3.2. This completes the proof of Theorem
3.3. 
Now, we will show that Theorem 3.3 implies the main theorem.
Proof of the main theorem.
Let d is the l.c.m of d′i, 1 ≤ i ≤ q, and let M0, . . . ,MN1 be all the monomials in
X0, . . . , XN of degree d. We define the map
ψ : X −→ PN1+q, ψ(x) = [M0(x) : · · · : MN1(x) : Q
d/d1
1 (x) : · · · : Q
d/dq
q (x)]. (3.7)
Let Y = ψ(X ). Then this map is an embedding and Y is a smooth projective subvariety
of PN1+q defined over K with dimY = n and degY =: △Y ≤ d
n△X . It follows from
Lemma 2.2 that
h(FY) ≤ d
n+1h(FX ) + (n + 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q ).
7Since X is located in m-subgeneral position with respect to Q1, . . . , Qq, then we have
Y ∩Hi0 . . . ∩Him = ∅, for all i0, . . . , im ∈ I0 := {N1 + 1, . . . , N1 + q}. We apply Theorem
3.3 to Y ∈ PN1+q and I0 := {N1 + 1, . . . , N1 + q}. Then, for a given ǫ > 0, there exists
an effectively computable finite union Rǫ of proper algebraic subsets of P
N1+q(K) not
containing Y and effectively computable constants bǫ, b
′
ǫ such that for any ψ(x) ∈ Y\Rǫ
either
h(ψ(x)) ≤ bǫ(h(FY) + 1)
≤ bǫ(1 + d
n+1h(FX ) + (n+ 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q ))
≤ b˜ǫ(h(FX ) + 1) (3.8)
or ∑
p∈S
max
I
∑
i∈I
λp,Yi(y) ≤ ((m− n + 1)(n+ 1) + ǫ)h(ψ(x)) + b
′
ǫ(h(FY) + 1)
≤ ((m− n + 1)(n+ 1) + ǫ)h(ψ(x)) + b˜
′
ǫ(h(FX ) + 1). (3.9)
Here the maximum is taken over all subsets I of {N1 + 1, . . . , N1 + q} with cardinality
m+ 1 and the constants b˜ǫ and b˜
′
ǫ are given by
b˜ǫ = bǫ · (d
n+1 + (n+ 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q )) (3.10)
and
b˜′ǫ = b
′
ǫ · (d
n+1 + (n+ 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q )). (3.11)
Here bǫ and b
′
ǫ are the constants from Theorem 3.3 with M = N1 + q. Notice that the
degrees of the algebraic subsets in Rǫ can be bounded by
2(2n+ 1)△Y (M + 1)ǫ
−1 + 1 ≤ 2(2n+ 1)dn△X
((
d+N
N
)
+ q + 1
)
ǫ−1 + 1. (3.12)
For a given x ∈ X\ ∪qi=1 {Qi = 0} and a fixed p ∈ S, we may reindex the Qi so that
(d/d1)ordp(Q1(x)) ≥ · · · ≥ (d/dq)ordp(Qq(x)). Since Q1, . . . , Qq are in m−subgeneral
position with respect to X we can apply Lemma 3.1 to Q
d/d1
1 , . . . , Q
d/dq
q . Then, for all
m+ 1 ≤ j ≤ q, we have
d
dj
ordp(Qj(x)) deg p ≤ d · ep(x) deg p+ c2, (3.13)
where
c2 = (6max{(m+ 1)△, d})
(n+1)(N2+N)
(
h(FX ) + h(Q
d/d1
1 , . . . , Q
d/dq
q )
)
. (3.14)
Notice that c2 ≥ 0. Thus,
ep(ψ(x)) deg p = min
{
d · ep(x),
d
d1
ordp(Q1(x)), . . . ,
d
dq
ordp(Qq(x))
}
deg p
≤ d · ep(x) deg p.
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Hence, for 1 ≤ i ≤ q,
λp,YN1+i(ψ(x)) =
(
d
di
ordp(Qi(x))− ep(ψ(x))
)
deg p
≥
(
d
di
ordp(Qi(x))− d · ep(x)
)
deg p. (3.15)
On the other hand,
q∑
i=1
d
di
λp,Qi(x) =
q∑
i=1
(
d
di
ordp(Qi(x))− d · ep(x)−
d
di
ep(Qi)
)
deg p
is smaller than
q∑
i=1
[(
d
di
ordp(Qi(x))− d · ep(x)
)
deg p− c2
]
− q min
1≤i≤q
d
di
ep(Qi) deg p+ q · c2,
which by (3.13) does not exceed
m∑
i=1
[(
d
di
ordp(Qi(x))− d · ep(x)
)
deg p− c2
]
− q min
1≤i≤q
d
di
ep(Qi) deg p+ q · c2.
Combining with (3.15), we have
q∑
i=1
d
di
λp,Qi(x) ≤
m∑
i=1
λp,YN1+i(ψ(x))−mc2 − q min1≤i≤q
d
di
ep(Qi) deg p+ q · c2
≤ max
I
∑
i∈I
λp,Yi(ψ(x))− q min
1≤i≤q
d
di
ep(Qi) deg p+ (q −m) · c2. (3.16)
Here the maximum is taken over all subsets I of {N1 + 1, . . . , N1 + q} with cardinality
m+ 1. Combining with (3.9), we have
∑
p∈S
q∑
i=1
d
di
λp,Qi(x) ≤ ((m− n + 1)(n+ 1) + ǫ)h(ψ(x)) + b˜
′
ǫ(h(FX ) + 1)
+q · h(Q
d/d1
1 , . . . , Q
d/dq
q ) + (q −m)|S| · c2. (3.17)
We may conclude the proof of the theorem by the following facts. Firstly, if P is one
of the homogeneous polynomials in K[Y0, . . . , YN1+q] defining Rǫ, then G = P ◦ ψ is a
homogeneous polynomials of degree d · degP in K[X0, . . . , XN ] and all such G form an
effectively computable finite union Wǫ of proper algebraic subsets of P
N(K) with degree
bounded above by
2(2n+ 1)dn+1 △X
((
d+N
N
)
+ q + 1
)
ǫ−1 + d
by (3.12). Secondly, it is easy to check that
dh(x) ≤ h(ψ(x)) ≤ dh(x) + h(Q
d/d1
1 , . . . , Q
d/dq
q ).
9Hence, (3.17) becomes
∑
p∈S
q∑
i=1
d
di
λp,Qi(x) ≤ ((m− n+ 1)(n+ 1) + ǫ)dh(x) + b˜
′
ǫ(h(FX ) + 1)
+(q + ((m− n + 1)(n+ 1) + ǫ)) · h(Q
d/d1
1 , . . . , Q
d/dq
q ) + (q −m)|S| · c2
and (3.8) becomes
h(x) ≤
1
d
b˜ǫ(h(FX ) + 1).
Combining with (3.6) and (3.10), (3.11) the constants Cǫ, C
′
ǫ in the assertion can be given
by
Cǫ =
1
d
aǫ/m−n+1 · (d
n+1 + (n+ 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q )) · (h(FX ) + 1) (3.18)
and
C ′ǫ =
1
d
a′ǫ/m−n+1 · (m− n+ 1) · (d
n+1 + (n+ 1)△Xd
nh(Q
d/d1
1 , . . . , Q
d/dq
q )) · (h(FX ) + 1)
+
1
d
· (q + ((m− n + 1)(n+ 1) + ǫ)) · h(Q
d/d1
1 , . . . , Q
d/dq
q ) +
1
d
· (q −m)|S| · c2,
(3.19)
where aǫ/m−n+1 and a
′
ǫ/m−n+1 are the constants from Theorem 3.2.
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